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Solution Space of Inverse Differential Kinematics
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Abstract  Continuous-path motion control such as resolved motion rate control requires online solving
of the inverse differential kinematics for arobot. However, the solution space of the inverse differential
kinematics related to Jacobian J is not well-established. In this paper, the solution space of inverse
differential kinematics is analyzed through categorization of mapping conditions between joint
velocities and end-effector velocity of a robot. If end-effector velocity is within the column space of J,
the solution or the minimum norm solution is obtained. If it is not within the column space of J, an
approximate solution by least-squares is obtained. Moreover, this paper introduces an improved
mapping diagram showing orthogonality and mapping clearly between subspaces, and concrete
examples numerically showing the concept of several subspaces. Finally, a solver and graphics user
interface (GUI) for inverse differential kinematics are developed using MATLAB, and the solution of
inverse differential kinematics using the GUI is demonstrated for averticaly articulated robot.

Keywords: Differentid kinematics, Robot manipulator, Jacobian, Range, Nullspace, Moore-Penrose

pseudoinverse

TM B

22 myEolE ] &5Alo] & Aol E autHoR
Fast7] flste] =R 7]teHkinemdics) 9] 7} Z a5t
2R 7)Ee Aot vaidde) q 9w (end
effector)2] 1%](postion) %! 2K orientation) X o WAES
Tobs Aolrh 2 7R thA, Frojzl S g
2HE g o] 912 4 ‘%6} X & ?8?% %ﬂ?ﬂ
(forward kinematic9) 1}, 017 Tt
B2HE PHHSE q & ok
O & Uptro] 7 4= 9k

£ =7olA] WHE #2 2ok AR #7)8kL, 9
RS EH AR 7)) 2 =RollA] WEE B G
2 7k=3ic)

>

7]:[LQL(|nverse kmemaics)

ri
l‘f'

Received : Apr. 14. 2015; Reviewed : May 11. 2015; Accepted : Aug. 18. 2015

3 This research was supported by Basic Science Research Program through the
Nationd Research Foundation of Korea (NRF) funded by the Minigry of
Education (grant number 2013R1A 1A 2062374).

" Corresponding author: Mechanicd  Engineering, Konkuk University,
Gwangjin-gu, Seoul, K orea (cgkang@konkuk.ac.kr)

Copyright©KROS

25 HYyEelH 9] «7]7e ZAle IR

x=f(q) @

o] A57I(F wE)Q A7 B AFYHHE YERCL
259 7|88k Aol
f(a)=[f,(), f,(@), -, fe(q)]" = LurHoz v ]
Agdoz xHH Dewitd} Hateberd'= & 2327
A}OH T3S 4x4 £33 3Hhomogeneous transormation)
A2 AL Pad 522 015 A 97 vy Edo]
E1°ﬂ | g3lo] AAAoR uAFTS: f B



-1
g=f"(x) @
2 EAE 5 1, oy BAE Fohe 2 i
f™ 2 Fehe oo durdom Mg Jae
fle el 2o BsiA, ofg 7bx W, =, g
o N

ﬂqﬂemlm) o1&
S W, AL P ol ol e
otk SAchpbd gape] 2o ois) of ] AFAEe] o
3 TR 37|t el HeEE,

25 )& s differentid kinemetice) > 2% 7|18k
ge), 2o WAL 3 HPALE X o BAS
Tohe Aloltk 22X w7+t
2RE TREE X &

Sk Folzl PELE o
o o= Lm|i
differentid kinematicy) 7} 2017 WehgA|EE X O RHE
PA&E & 7 ouEy)ysiivese diffeentid
kinematice 0.2 U3=o] AJZ13k 4= Qir}. tha)s] TaELwo}
YHPASE Al A= BlAdge] ofd ﬁoﬁﬁ}

(lirear trandormation), = 3J(matrix)= EF 0|
106,29

7]7+sHforward

x=J(a)q ©)
o=z g, 9714 J(q) & =H3H|l(Jacobian) O 2 A
250 P4 q ol we} geiAls 6n YHolrh WA
o] HwHE X =[V,,V,,V,,0,,0,,0,] & 7%

Aol digt webge] AM&w V=X, V, =Y,
V, =29} 2% 0,0,,0, 2 FEE0] ik 4=
O, @, @, = ZHEe] FAH] weh oh2A Held
5 olek TEsEE 4 =0, 0, G, o2 219k

HuEdole Azrd J & etror 9= f 5

ofn|iy)pste] o g7t 231

2 ojujstu, ot Yo RE the) P gt

gAI9] Ao} AEERIE 2 05‘%%741 e
8}0% TFake T, 4xd B
wF@ ) Newton-Euler 25544 ggTEq wag
£ g, n i) s skdfferentia geometry)h B x| g4
2 ks PP S| girh wg sy Aot
(andlytical Jacobian)o] AotE] o] 9L, S0l (singularity)o]
A 4] 2R (damped lesstsuares) AL ol 8317
U9, fatelsd(peudives) e o83k W] ARt
Elof gy,

250 LB APl 1, LB a4o](resolved motion
rate control)®¥e} 7-o. AT 9= 4 of(continuous-path
motion conrol)= =X HYEolE 9 Hu|Er]tet
(inverse differentid kinematice) 2] & AA|7FO 2 Q 45hc]
ShAuE AsHlel 3 o BeISE AujEs|Eate] s B3k
(solution space)efl thsiA eS| 7]sEnlk ek AsiH]d
J 9] 2ped(dmenson)#t P (rank)ol] whel, E Solfof uk
o}, ojulis| ko] o) Frbo] depAtk

B eRoAl webgA&Es} vuEdole Ahan]el
3 ¢ AF7Heoum sece)ol] &3R=), &5t =Ao]
sl ZA TR W, 2b2he oA WizkRI e Sk
2 E23s}o], du)Ry| skl 3 Z7Hsolution space) )
Ak gegASEs) 3 o) dFtlel Setd s
(unigue solution) = WS ) = 2] (minimum) =-2(norm)
s T WEgAGEs} 3 o Aol Setx) gko
W, oAk HaA|lT(et suaresol o3 A
(approximate solution) = 3tch E3] . =Fof A FEF7h
(subspace) = Ato]€] 2| (orthogonality) 2 A (mapping)
o tﬂ:&:l—%] HolFE= XS AR E(mapping diagram)E

jQ
Hm
E. falmy

Hgoz 2ot

# eBo) Tye cheat gk 28914 B FUE V1%
SRedl Wag Sota olul AL Felsth, 3ol et
A& A 3 o B sk Ao dha,



232 2535 =54 A|10d A4S (2015.12)

4804 RS T ZFE[d J 9] ETtel &351HA]
O 790 i3, 3] Bk SAskR ofulEs]Tate] 5
2 It} 5Y0l4 MATLABS o]gsto] ojujity|aate]
8 B2+ e Bo| 2RI TTAGAIE
v o] ~(graphics user interface, GUI)E i35t o1& o83}

o] S| Hool, 6o 2Ee Vet

2. 281 ofu|xiA

e) Zhvedtor spaog) V= f2El=t R g 2ol
= el o] sl wEeh Azkeke) Fale] AojE 31
olck. wjElg7ke) FEF7Habgeos) S = WElFR
PR abs) oA, WE P o] F wEe] sk
wEe} sgtete] Falo] ol Frtolck e gkt
BRI Vet o R AW, & B0 HEHE ZA5
olof ghg FH3tet.

7E37t ScRY o dis) ZmedgzHorthogond

complement) S" = Fg. 17} o] Sof &k mE g

o) 423k Wl o] 091 WE)ER TAE F7tolch
Sl:{yeR” y'x=0, vXeS} )
aelm 25237 Sc R of s, AF(imension)e] o
3 The o] AT,
dim(S)+dim(S") =n ©)
249 dme T TN AR ARFEYQ) ule El

YHE o] Zff Ff4olch

loje] e X of dfd y (= AX) o Mt Y
(range) = BF7ZHoolumn specgoletal s, R(A) =
gA3E a8l Ax=0 ¢ X ¢
(nullspece) A (A) 2L gk,

mxn FF A o FA(ak= AAEHA Gulg
(column vector) 2] 7<= = sPlE|(row vecdtor) 2] 7llgo|th
FE A<l A=<l duE o] e} el o] Ao

e 9F

Fig. 1. A subspace S and an orthogonal complement S* in RS.

P Aol FEskeE 27 m e on 22w, &
rank(A) = min(m,n) & o APl rank)ztar 3t
o} 7|siste o g o wE o] ko] thEd T WEE= o
A= (linearly independent) o2}al s}az, Weko] o o
&< (linearly dependent) o] 2}ar gt

dejol mxn & Aof isf o2 4o] Aydich

dim 2(A) +dim . (A) =n @

aelm mxnayE Aol o aje] Heez 2(A),
N(A), (AT, N(A") o 8l ke 2lo] Aat
o

N (A LRA), V(A=RA) @©

N (AYLR(A, V(A)=RA" ©

1N L7l 5 23] WEEe] Az 443 o
ik

o afe] BRI B

AA 1 A7t 19 v ¥
& 7P Fg. 204

A
= M0 Fg 29 e BAS



Y1

N (AT)

Fig. 2. Four subspaces (ines) for the matrix A in Example 1.

A o Axw2
(renposge] A 2 ), = AT = AT u,
= w3 F(orthogond matrix)oletal sick 2wy A
RE guE(EL PAe) AR 2wt

mE mxnyPd AL oga 2o EolgtRsf(sngular
vauedecomposition) 2 g+ 4= i,

Nnxn AAZEE(square matrix)

o >

A=UxV' (10)

o714 U o V & 22k mxm,nxn Haszols,
T & mxnaEes g4es o
7} 02l olct.

o, 0
Y = - : , r=rank(A) (@)
Ur
0
o, = ATA 9| 14gKdgavaug] Fol AlFoR

Fo]2| = Eolzisngular vdug)olth. rank(A) =r o] d, r
7Ne] o= Eolgto] ZAYsIAL, N—r 72| 0o] ZA3ic).

Amad V& AT A <] 35ue|dgaveton 2R E], =
A'Av, =c’v, 25, Ao Mz Hmshs g
V, & Fata, N (A) oA olEn Husk=
ohE N—r 7le) WE S Fete] AAgteh e

Vi, Vo,

O

Sul7]7tete] o 33t 233

ui:_i’ i:l...’r (12)

2RE ro7je] AR Aashz WE U, Uy, U &
ka1, YmA m—r 79 Amsh= wels A (A7) oA
Tato] AT,
A (ERE AV, =0,
AV =UZoln& 4 (10 4& = 9k
71 b2l o] HaEe MoorePenrose A1)
ot ool mxn

n=s= A" 2 Moore

H(Moore-Penrose  psaudoinverss)©

Aol disf the HI7HA 24
Penrose At 2 g ojatef,

=

AAA=A AAA =A

+\T + + A\T (13)
(AAY) = AAY (A'A)T = A'A

MoorePerose A& E A" 2 el S7A] e
Eo|gtiaE o83k Aolth. Solgkusid Aol s

A" the Tt o) Zofaic.

Moore-Perrose --AFS s

Yo, 0

A =VI'UT,Z" = ; | a
(o

(W99 A= 4 (139] W] 24 WS 51 3
skl 4= glek

ole)

"
ks

oft
J>
2
)
:(‘)l:
>
10
ﬁ
12
[
>,
1o
N
12
flo

m\l
£l
>
10
o
o}
)
i)
>
1o
%
ol
=
flo
myt
i)

pseudoinverss) A’ 71 Hck

AJr — AT(AAT)711 A+ — (AT A)flAT (15)



234 =233 =74 A10¢ A4% (2015.12)

S gAelgge m<n o o golEm, & fApeda
ge m>n o oty e o2
AA =1, A'A=l =vg o AAz
AA

| Qo] =3}k nxn AAzsd Azp 94

+
G0 A= deives A7} Eh
LEF(nom)e A7|(magnitide) S ARSI Ao mA,

” ” 7155 AREEh AdiZhe =80 dFoltt kg T
N Lo, 2, Plegs wol AR 1 FoflAl
= 2%eg2nom)E 4ke] Hely ol 7 wol AR
ey,

FE Ao 222 PP A9l | Solgtoz AXkd
2, A, = 0 () 1P

25 HyEYelE o] Wl IR o] YA
© Gk oz ug- uldFE ol sl WEsE

Ag 74, 2t

[

o] AE7\(e1E Sof n7he] mE)E Ew Fig 3u 2
2 iU EolElel Wekgx|dmet HaEE 4 (3
3} 2L TS AR o] 25 viuEdolElN 7|ERkE
Al cig e

flo
ny

HAEE X =[V,,V,,V,,0,,0,,0,]" ]
Folge u, WaSE q=[q, GG & 7o
Sfalal, WA AaEll J(q) & etk o714 ne
257]0] ol Sol, PAwE o] 495 ojulaick
Fol2l X o] Apztulel J o] Mool &5, Hnjil
so] B o AR ® wEA Yo
rank(J) = rank(J:X) o¥, Folzxl X o] #zH|Ad
J o] 2]dof &gk
Fodl X o] Apmulel J o] Xole] &8 49T K =8
oA ThA] ul ZHIR Uro] mefatey ] Al J 7} ¢
Agag 7HEA #%7] % nol n=6, n

N< 69l Al 92t J o a7k 523 Sol7 9ok

Fig. 3. Joint velocity  and end-effector velocity x

31 n=60lz rank(J) =6¢l &<

o] A= oE =Sof o9 HRER FEEE 25
HUEFoTE oA Sl whA] o= Zfolct o] 3
Foll Ji= 6x6 YERA o] EAYTE whA F
Afi(uniquesolution) 7} EAEL thEh o] .

q=J(q)"x (16)

o] 9o WhAAS dojo] W} ¢loje] LEe
Fo] 7hssith. B2 A7)0 ke olyolA 5ol
7Fsdtek o] Aol A(J) = 3 3, F Aol e
@=%e qeRJT) ol o A%
R(J7T)=RCot}.

o] 3149] A$E AMHAER EASH Fg 49} 2tk

oA

Fig. 4. Mapping diagram for the case with n=6 and
rank(J)=6



32 n>60lz rank(J) = 69 HRIRARE)

o] A= odE B0l Tl HEE AR ol fAky
I (redundant DOF) &3toflA] Eo]xg whx] o= 290
sF2ict o] Aol J= 6xn(n>6) FP=A A=A
= 7Rt} 28w 0T s 6x6 FEEA gy (137
o] EAgtct. wheta] o] Aol A (2] P we] JT
£ ool AulEr]Ttet shE ok theat ol ol
=3

g=J3"x+(1-37J3)b, beR" 17)

o714 37 = JT(J7)F =A - gArlEelet 4] (17)
A4 b = qlele] wgo]7] whrel, o] o} §AHGE 2

o] Aol fujEr|ste] sh Rkl EAfR. FEb)

o] & FoM WEHE=TE FHavb Hie Haegdl
(minimum norm solution)=
q=J7% (18

ojch. J 7} S®AYNS AIshEA 4] (17) P o
o J& F3hd, (179 q o] 37t "B dA AT 5
oick a2z (1 -J3/3)b = J 9 g3 #(J)
3 FEa}at

o] 3249] H$E AMAER HASHA Fg. 59 Atk
Fig. 59] A2](domain)oll A +x132 2(J37) ek ()
7k AmoFze] Bl 9le-g vehdich T1ela g

R" (n> 6)

Y&
Py
o)

Fig. 5. Mapping diagram for the redundant case with n> 6 and
rank(J) =6

Sul7z]7-ete] o 33t 235

L 207) 9 AR QT #(J) Y BE [y o= 2

o] X 0 AMPHE HolFal 9lrk Qg =

q
X o AJErh X 2 (g 02 AMEL:,

oA 2 ols|Z B7] $Iske] O] mER HHeES A
he ol gAGE RS e8] Kk o Bl e
22 7h Aae|olat BT} kel Zol ol

A kAL sk,

3 -1
Jr=3"(")"=-2 1
0 O
olir, whah Halegalet the o sl oheat do] F
o 4= 9lrk.
7 7 77 [0
g=J%x=|-3|, q=|-3|=|-3|+|0
0 2 0| |2
o37] 4]
7 0
-3|eRA"), [0|leN(I)
0 2

o] g, [7 -3 0] = Ag 59 Qg o st
[0 0 2" = Fg 59| ol shgaich Bz, o] W
J o g3 dmRJ)+dimA(J)=2+1=3 o]
2 4 (D] A,



236 =433 =54 A|10H A4S (2015.12)

33 N< 6011 7 =0l 42
91 2% WY EEAEL Ban 47}

=" "I x=J X (19)

714 3 = (3TI) T & 2 pareigold.
o] 33d9| #eE AMAER FASPH Fg 63} 2t
Fig.6 oM, = X & ( o2 AMdEE HojFar glek

R" (n<6) J)' R®

Fig. 6. Mapping diagram for the case with n<6 and
rank(J) =n (ull rank)

A 3. Ao RER AR F7tA FEsle =
s He} o] HSo] 3x 2 ApFu| o} Gk L)
o5k o] FrolA qlekal a4

2 4
3|, x=|5|e2(J)
0 0

J=

O R R

REEERIEL NS

Jﬁ:(JTJ)lJT{B 2 O}

-1 1 0

ola, metA frlal thedt o] Folzr,

O
=
m
-

I
1
RN
[

34 J o W3} BEF AHE0IHA)
o] A= 2E vyEdolgrt EolgdiNdngular

corfiguration)o]] &9 A9-olc} o] AS= 6xndFF J
o] Y7} BEsle], P27} min, n) Kok 2 Fg-olc.

=

1

rank(J)=r, r<min(6,n) (20)

o] ALl N& Nn=6, n>

HE Mx NP Solgk

>6, E= n<6 % 9k
a7t 7hsslng, 6xn g
J & g3} o] Eolghis| & 4= Qltk

Hm

J=UzV"T 1)

ol7]q U ¢ V = 27} 6x6,nxN ZudHolu, X

£ xnagss 4 ()7 Zo] s o, 5 Aot

ot} 0, & J PP BolglerA,

=Jeig(37I),i=1,
4 e 9 2 ek

TR o] 59 SulRr| st s Rt o] Fol
Ak

H

£ 947k 01

q

g=J"x+(1-J*J)b, beR" @)

o714 J* = MoorePavoe QAR E 2 A Thea} Zro]
Fojaic,

Jr=vzu’ o)



A7IA T = 4] (14)9] FHA| A3t et

A (2014 b = delo] wEels] wie], o] -9
Au|R7|tst sl Fe EXgTh Fepe] & oAl
PA&EE7}E 2t B Hee@ds §=J7 X olok

A @2 A Qe HeFE W, A (@=FE
J(I1-=J"0)b=00¢] g1, & Xe R£(J) olH

x=JJ"X 4

oo 4] (229 § o a7} Hi= AL Sl 4= ek
2] (2= ot o] e & ek Xe 2(J)
X=Jq ol ¢ o ZA5}i, E MoorePevose SALIE

o] Jarrg JJ7) =Jojng kg o] AHgith
X=J0=J31"Jq=33" X

21 (222 8ol (1 =37 )b e #(J) IS F=3)etk
o] 34489 A= AAER FASHH Fg 73t 2tk
Fg 7oA q 3} (& 25 X 22 ML, X & (g

O AEE HolFm gk

Fig. 7. Mapping diagram for a rank-deficient case (singularity)
with rank(J) =r <min(6,n)

oA 4 O] B AR EXbolN TESHs oA3e]
259 Tefs) Kok o] 9ol 3x 2 Amu|elu Wby
427k ohgal o] ZolA QT sk

oJujis|7ste] o) 37 237

1 2 4
J=|1 2|, x=|4le2()
0 0 0
o] zpzmlel J o] EojgrRal chewt 7k
SR
= =0 .
V2 V2 irgg ol =2
11 J5 5
J=|== — ol 0o o
V2 2 0 oll=2 L
0 0 1 J5 5

8% MoorePerose $AMEE JT = ohey} go] A

AbgITh
3o 01 01 0
102 02 0
webd Hiwedel ThE 3 s theal o] Fojd

% set

e R R

o174
0.8 . To4
L.G]E‘(R(J ) {—O.Z}EN(J)-

we) [08 16]' & Fg 79 Qg o et
[0.4 —0.2]" = Fg 7¢] qy ol sigaick 1e)w A4

gl g J o) alggtel 3k Fsle



238 =ZH3}s| =54 A|10H A4S (2015.12)

o 43 srom, duiEslFstel 8 ( of EAfekA ¢
Lk o] 7o) Luly| e BAIS thaat o] H/1%

% 9lek

Jg ~ X (25

X o digf 4 @ Heke
(approximete solution) o] Feshhd, 93 X—J &
e AN Hadlele vt 2 Al (et
squaresproblem) = AgZsto] ZARSIE e = QA

min||x —Jg|, (26)

Fig. 804 2=0], X o J o] x19jel R (J) ¥l
& o, H2AFEA (20 e X-Jq 2 F4st
£ A wAalg(othogond projection) P S F-5h= Zloltk. 9f

Uk WE o] 2122 AElE vERiaL, X oA At
2ol e AuAry p of7] gl wheba, X = Jq
o]7] wjie X =Jq thAle]

p=Jq (27
& WS & Ik, o) ol Al (299 AR E
=3

eaple X—Jq & R(J) < Aush] ajge], e
X=Jq 2 J9o mE g3t Hudlch wfebq the 4o
Chkis

JT(x-J4)=0 (28)

X—=JG #0olzgt JT(x—J4) =0 ol FEstak.
A (282 ThA] 21 ohat 2k

JTIGq=J3"% (29)

4" 3

2J) °

Fig. 8. Orthogonal projection P of X onto 2 (J)

Al(normd equation)o]2tal ot
(29)2] A o] ek,

4 IF 4 (292 Y3
! 4
o 451 e B9 B R

o} 4 (292 BEH ol
o] J o Aol

T jEp T=
oA 7 7HAR Lol dedict. oF = A1 4
7F BESPAA(N<6) J 7 e ag 7R 79l

< T A= Sl %?04 3

2 3l JoLr = FH=9] (rank deficient)

Aot J /b edAas AAEA n=6 =&
n>6 ¢l 7o ‘Z?(J):R6 olm® X o] J 9] 29
droll 24 71 gla= Folstek

41 N< 601 J7} AWl AP

o A9 WHREQ] 47} LEARE FHrE 2ow
A BolgAatel oIglx] Al Fg. 8olAel Lol X o
R (J) ol AR Ag-olch. o] -], izl X o
el 4] (255 WSk A (2 4 (29)5 FolA T
3 4= 9k o] Fgol J 7} e ojulgs)y
sto] Zabel 2 HaAFol ofFt Al (9=E
B, Thea 2ol 2 gt S ol8sto] TaRict

=(J73) I x=J% (30)

a8a 4 0 p=Jqg ol didstd p=Px<l 7
A3 orthogond projection matrix) P & t}ea} Zho)

o 4 gk

l

O

—H

P=JJ73)J" 31)



Fig 9% o] 4148 790 AAES HolZa girk. o]
AMPAEE Fg 69 AMPAES} ZHo}, v X ©f 9|7}
R(J) Woll A gt gho] 9= Ao] thzr.

Fig 9014, 45t X & gelel R(J) o el Xg
3 Ggzt A(IT) o HRuE X, o8 Bt 75

WX K& W OR AMPES HolEm gk

R" (n<6) J)' R®

Fig. 9. Mapping diagram for the case with
rank(J)=n (ul rank) and X ¢ £(J)

n<6 ,

oAl 5. TS mEE AR BN TESHE oA 3
o 23 mefs| ek 3x 2 2mu|ele o4 33 go
o e Sst ot ol 2(J) Hell FolA 9
ok 34

2 4
3|, x=|5|e2(J)
0 6

J=

O R K

T I3 X2 22 41 glek o] B9l exje] A
aAFl gk TAR) G2 Tkt ol Tt 4 ek

2 5
J'Jg= e 2"
[? Shesr

Ty _ 9 T
J X—{Zs}e%’(\])

weba Al Q2 4 (0eRRE TR ol Aol
At

ofnjEr]Tete] ) 1 239

g=J'x= m A

of ZARhe] ek [k - Jg||, = 6 elct. 12l A
A P ook Aaae p & 4 @)RRE e 2
o] Folet.

4 0
X,=[5|eZ(J), Xy=|0[e /(")
0 6

WA X o] R(J) el EAks A9oltk o] H9=
rank(J)=r olz r <min(6,n) o]tk N & n=6,
nN>6,% = nN<64Y 4 Yrk

o] 7o, Zofxl X of dis) Jg 3 Lol q 2 =
ABHA oFARE, o] HaAlgel ot Ak & 4
@99 A4 JTIq=J"x ezrg 33 4 9k
g (JTJ) o] AslA] @] wjo] 4189] & &
AR e w3 s AT 4 ek

o] F9o] 6xn FA J = SolgkEsje] <
J=UZV' = madd & dx, 4 99 2Aele kg
3} 7ro] Fol 7k,

g=J3"x+(1-3"J)b, beR" (32

4] (32 3432 sje} Zrouy, 4] @94 X g 2(J)



240 =333 =174 A10¢ A4% (2015.12)

oluz (2 oxpe] HarlFel gt Aotk 4 (32)
7t 4] (29)9] Bt HE AL, A (32 4] (299 s
EE & 5 lth o] Ago] Xg R(J) olmz 3449
A 4o 2o JITX# X S fofstek

2] (3)elA b = gleje] wEjo]7] Wi, oju]ir]
ko] ARl Rl ek Fafe] ) Fola B
&7} Havh He Hawg Ak ¢ = J° X olck

el 4] (5 p=Jq ) st p=Px <l 3
AL FH(othogonal projection matrix) P St 7o)

T 4 gck
P=JJ" &)

o] 424°] Z$-5 AAER HAISH Fg. 103} Lt
Fig. 79) AMgAlEe} ch2 e % o R(J) o uieel 3l
oHe Aotk X o #(J) 9 uizel 9l7] wel, Fg. 10
o & x o R(JI)Ae] Akd Xg =p o] AMELE

i gle a0l ol J o g (A7) %

Fig. 10. Mapping diagram for a rank-deficient case (singularity)
with rank(J) =r <min(6,n)and X ¢ £ (J)

oA 6. T mEIR AR FrtolA Esks oAl 4
o 2i-g T Bk 3x 22| AL oA 49} o
U e} g gol R (J) Hell FoiA 9
ot 814,

2 4
2], x=|5]e2@)
0 6

J=

o R

e Jq 3 X2 2E 47} glnk o] A9l 23]
A Olg AR Q& TRt 2ol 1 4= ek

2 4
3734 =[4 8}1 eI

Ty _ 9 T
J X_[lS}E‘%)(J)

o120 J 2] Moore-Pavose -FAH -2
3 01 01 O
102 02 0

2 AXtE L, weba] AR Q2 4] ()25 E ot

o] QoiAirt.

—avq |09, [04]_[13
=9 =1 181" 02| 7|16
g3 0y =[0.9 1.8]" ojck. A o] <
A= Q9 ofto] BAIgle] [[x - Jg, = 6.04 oItk

aeln uAgad P ok Ak p kA @ow

e TRt Zo] Fojxlch

05 05 0 4.5
P=/05 05 0|, p=|45|e2(J)
0O 0 O 0
54 3%

olgdor e ouislratl g @2 ¢t

o], Ag. 113} Z-& Yaskava MotomanrUP350 R glof tff 3



MATLABCS Z2 £n|R7|t8r ¢ dnjir|eks =
Z 137} GUI (grgphics user interface) S 751 $ic) Yaskawa
Motomen-UP3502 ekl 97148 714 S2jckerd
Z X verticdly aticulated robof) 0 2 4], o] 29| WA=
BAfE 25& TR FEEAER Ag 119 S 25>

It

-150" <6, <150" , oFfiZ(ower ame L &
-55'<@,<61 , {IZ(upper ame U &=

-30" <6, <113, E=(wis)e] E(oll)2-5¢ R 252
-360° <6, <360, &==9] 2|/ (pitthyaw)-5<] BE
T 125 <6, <125, &5 HEWwid):Eel T &5
& —360" <0, <360 o WIS 7HIch Zr o] |
& EE @ o Hell 95%s, w, ol tis) 95°s, w,
of s 95%s, @, ol s 100%s, g ol thsl
100°/s, @ ol disl 160°sE 714t} o] Z¥-o] 7puk
515-(payload) 350 kg, FHE7 U = (repeetebility) = 05 mm
ojtt. o] ZEL2 thAlvA WAZE g, 71 0d o Sol
< 7Hek

A sulEr)gteh 9 SuliEz|aet Fo] GUI 3P

2 FAg 129} Zth GUI 3hA Fotoll 259 234
(home configuraion)} TS W2 FAIS
© BEEEE, o2 UG ES &
ek GUI 3 sidtoll= 7 Izt s Yo RELS
A8 shgick

GUI 3hd sictel] FAZ=E ¢Jestar Awel Hd&s
£ dEe o5 offiEel 9l ‘Cdadae End-Effector
Velodty' ®|imE 2, ulitr|atsto] AXlEo] eEH
Bf2of egR| o) Mot Zhwr) vepdt) 3 of
&l TAZ=7 QlEE AdeiolA, Lawl w9
A&mel & es Qg ths of#j%9] ‘Cdoulae Motor
Velodties ®|5+E FEH, Aulir|tsto] AibE o] 2H
drzo] PELE7E LR e

Table 12 Folx #HZt=of|lA 27] FALKET}
w, =10%s, w,=20°s, w,=30°s, w,=40%s,
w5 =50°s, ws=60°s @ W =7 FolA
|0 A&t b e s F6tal, thA] o] A&met

A&5E o so] PUEES TG ANE HelF

i

oJulsr|ote] 8 B7F 241

Fig. 11. Workspace and link dimensions of Yaskawa Motorman-
UP350 (Courtesy of Yaskawa Electric).

Table 1. Computation results of forward differential kinematics and
inverse differential kinematics for Yaskawa Motoman-
UP350 when joint variables are 6, =-30°, 6, = 20°,
6,=30", 9,=0", 6,=-60", and 6, =10".

Origind  joint Forward differentia Inverse differentia

veodties kinematicsresults kinemeaticsresults
(deg's) (/s deg’s) (deg's)

o, =10 v, = 0.36564 w, =10
», =20 v, = 0.03191 w, =19.9999
w, =30 v, =-1.1158 0, = 29.9998
0, =40 o, =115 0, =40
g =50 o, = 25.9808 w5 = 50.0002
wg =60 w, =20 @, =60
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Differential Kinematics
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- Motor velocities — — — Robot configuration—— — T —
omegat 10 Blue: Home configuration Red: Current configuration Linear velocity of end-effector
max 95 deg/s 4 VE.X 0.365638 s
omega2 19.9999 vE_y 0.0319066 ms
max 95 deg/s 3 5 vE_z -1.11584 m's
omegal 29,9998 2 2
max 95 degls = Angular velocity of end-effector
omegat 40 0 WE_X 115 degh
max 100 deg/s az?” 3 wE_y 25.9808 deg/s
omegas 50.0002 ) -1 wE_z < coots
max 100 deg/s y0 [m] x0 [m]
omegas 80 [~ Motor angles (3":9’ If thetaS=0 (singularity), then omegad is
thetal - theta2 theta3 30 setat0.
peittdone -150<thetal<150 -55theta2<61 30<theta3<i13
theta4 0 thetas thetas 10
-360<theta4<360 -125«theta5<125 -360<thetab<360
Calculate End-effector Velocity } l Reset Figure l Calculate Motor Velocities |

Fig. 12. GUI screen of the developed differential kinematics solver for a 6 DOF articulated robot.
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